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Abstract 

We present a structure associated to the class of linear codes. The 
properties of that structure are similar to some structures in the linear 
algebra techniques into the framework of the Grobner bases tools. It 
allows to get some insight in the problem of determining whether two codes 
are permutation equivalent or not. Also an application to the decoding 
problem is presented, with particular emphasis on the binary case. 

Introduction 

The connection between Grobner bases and linear algebra comes from the very 
beginning, i.e. from Buchberger's PhD thesis. The paper jS] gives the first 
algorithm for computing a Grobner basis in the case that the ideal is not specified 
by a set of generating polynomials. In (SJ^J these techniques were generalized 
to different settings (change of orderings, ideal defined by functionals). In 01 
the authors formulated a pattern algorithm, which included the predecessors 
and generalized the techniques to free associative algebras. In that paper, the 
algorithm introduced for monoid and group algebras is particularly interesting. 
In [3] [S] the algorithm for monoid and group algebras was specialized for the 
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case of algebras associated to linear codes. For a concise introduction to the 
theory of Grobner bases we refer to |16| . 

All the papers and algorithms mentioned above have in common that the 
Grobner bases tools make use mainly of linear algebra. In this paper we go 
further and show how these Grobner basis tools can be used to determine if two 
linear codes are permutation-equivalent or not. The structure of binary codes 
permits us to use the notion of "reduced bases" , which will allow to study the 
problem of the equivalence and to solve the decoding problem for binary linear 
codes. In ^21 the authors proved that the Code Equivalence Problem is not 
an NP-completc problem, but it is at least as hard as the Graph Isomorphism 
Problem. Some partial answers have been given by using the weight enumerator, 
but computing the weight enumerator of a code becomes intractable when its size 
grows. Also N. Sendrier proposed a procedure for finding a fully discriminant 
signature for most linear codes (see 

The structure of this work is as follows: First, in Section ^wc will introduce 
some basic notions on linear codes and show the relationship between them 
and some reduction techniques of Grobner bases. Section [21 shows how to build 
the structure matphi (cf>) associated to a linear code. The construction of the 
reduced bases is given in Section [21 and the specific case of binary codes results 
almost like a straight-forward application of reduced Grobner bases, although 
the ordering used is not admissible. Section 0] takes as a starting point the 
results in Section [21 and adapts the situation of deciding equivalence of linear 
codes using the associated reduced basis. 

A reduced basis is in general considerably smaller than the matphi, this is 
analogous to the comparison between a border basis and a reduced Grobner ba- 
sis. Therefore, we take the advantage of applying the reduced basis for the case 
of binary codes. In the case of the equivalence problem some strategies are given 
and also, some examples with different situations that can come out. Section [5] 
corresponds to an application of the reduced basis in decoding for an arbitrary 
binary code. An algorithm similar to the computation of the canonical form us- 
ing Grobner basis can be used for decoding. Some worked examples with GAP 
[5] are shown in Section [SJ Finally, in the appendix, we give various additional 
information, such as definitions of codes used in the examples, reduced basis for 
some codes, etc. All these items are quoted in different sections of the paper. 
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1 Linear codes and monoids 



In this section we will show some basic notions of linear codes as well as we 
introduce the relationship between linear codes and some generalized FGLM 
techniques. Most of the material can be found in a detailed way in [3]. For an 
acount on FGLM techniques the reader can consult [21 EJ El ■ Let ¥ g be a finite 
field with q = p m elements (p a prime number). A linear code C of dimension 
k and lengh n is the image of a linear mapping L : F£ -> F™, where k < n, i.e. 
C = L(Fg). There exists a n x (n — k) matrix H such that c- H = for all c £ C. 
that is called parity check matrix. The weight of a codeword is its Hamming 
distance to the word 0, and the minimum distance d of a code is the minimum 
weight among all the non-zero words. The error correcting capacity of a code 
is t = [^]. Let B(C,t) = {y £ F™ | 3c £ C s.t. d(c,y) < t}, it is well known 
that the equation: 

eH = yH 

has a unique solution e with weight(e) < t for y £ B(C,t). 

From now on we will consider the elements of F g represented as ao + a\ct + 
■ ■ ■ + a m -ia m , where a is a root of an irreducible polynomial of degree m 
over F p and at £ F p for all i. Let us consider the free commutative monoid [X] 
generated by the nm variables X := {.th, . . . , xi m , . . . , x n \, . . . , x nm }. We have 
the following map from X to to F^ : 

tp x ^f; 1 

Xij- i-»(0, ... , 0,a^,0,..., 0) W 

i 

The map ip can be extended to a morphism from [X] onto F£ , where: 

For the sake of simplicity, from now on we will also consider the variables Xij 
as the set of nm variables Xk, where k = (i — l)m + j. We will use one notation 
or the other one according to the context. 

A linear code C defines an equivalence relation Rq in F^ by (x, y) £ Rq O 
x — y £ C. If we define := tp(u)H, where u £ [X], the above congruence 
can be translated to [X] by the morphims tp as u =c w (ip(u), ip(w)) £ Rc 4* 
£(it) = ^(w). The morphism ^ represents the transition of the syndromes from 
F^ to [X], so that, £(w) is the syndrome of w, which is equal to the syndrome 
of ijj(w). 
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Let w G [X]. We will denote by Supp(w) the set of variables that divide w 
and by Ind(u>) the set of indices associated to w, i.e. 

Ind(w) := {i G {1, . . . , n} \ 3j G {1, . . . , m} such that icy G Supp(ui)} . 

Definition 1 (The error vector ordering). We say that u is less than w 
w.r.t. the error-vector ordering, and denote it by u < e w, if one of the following 
conditions holds: 

1. |Ind(u)| < |Ind(io)|. 

2. Ind(u) = |Ind(w)| and u -< w, where -< denotes an arbitrary but fixed 
admissible ordering on [X]. 

Remark 1. It is easy to prove that < e is a total ordering on [X]. However, 
it is not admissible. It is the multiplicative property of admissible orders that 
sometimes fails here, see |2j for more details, and 2 and 3 in the Example [3J 
But it has the following properties: 

1. 1 < e u for all 1. 

2. u < e u ■ x, for all x G X . 

Definition 2. The word w := n"=i YiJLi x ij 3 i s sa id to be standard if (3ij < p, 
for every i G {1, . . . , n} and j G {1, . . . , to}. Given y G F™ we say that w is the 
standard representation of y if ip(w) = y and w is standard . 

Note that ip is surjective but not injectivc, but considering the standard 
words in [X], then the correspondence with F™ is bijective. 

Now we will define axiomatically two objects, a set N of "canonical forms" 
and a function <j) that will play a central role in the following section. Both 
objects are basic in some Grobner basis techniques (see for example [31 IS] ) - 

Definition 3 (Canonical forms). Wc define a set of canonical forms N c [X] 
by the following properties: 

1. lEJVC [X]. 

2. | AT | = q n ~ k . 

3. Two different words of N determine different cosets module =c- 

4. For all w G iV \ {1} there exists x G X such that w = w'x and w' G N. 
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The second property means that TV has as many elements as the code has 
syndromes, and the third one that different words in N correspond to different 
syndromes. 

Definition 4 ("Multiplicative structure function", matphi). Let matphi 
be a function <f> from N x X onto N, such that for all x £ X and for all w e [X] 
we have that £((f)(w, xj) = £(wx). 

Remark 2. Note that the definition of the matphi function states that the 
representative element of wx, in the set N of canonical forms, is 4>(w,x). This 
function can be extended to [X] x X by using the same definition. The name 
of matphi comes from anologous structures in the papers jSJ 1111 0] . In addition 
the multiplicative structure of matphi is independent of the particular set of 
canonical forms, it is enough to consider the first argument as elements in the 
quotient determined by the code. 

The following algorithm for building N and <p can be found in (0)- There 
are three functions needed to understand the algorithm: 

• InscrtNext[i, List] inserts the products xt, where x £ X , in List and keeps 
the increasing order of List w.r.t. the order < e . 

• Next Term [List] returns the first clement from List and deletes it from 
that set. 

• Member [obj, G] returns the position j of obj in G, if obj £ G, and false 
otherwise. 

Algorithm 1. 

Input: p, n, m, H parameters for a given linear code. 
Output: N, (j). 

1. List := {1},7V:= 0,r := 0; 

2. While List ^ do 

3. w := NextTerm|Xist]; 

4. w':=£M; 

5. j := Mcmber[i/, {vi, . . . ,v r }]; 

6. If j / false 
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7. then for each k such that w = ux k with u G N do 

8. 4>{u,Xk) ■= wj; 

9. else r := r + 1; 

10. iv := u'; 

11. w r := u>, AT := NU{w r }; 

11.1 Lisf := InsertNext[w r , List]] 

11.2 For fc such that u> = u.Tfc with u G iV do 

11.3 4>(u,x k ) := w; 



12. Return [A^]. 

Theorem 1 (Correctness of the algorithm). Algorithm ^ returns AT and <f> 
that fullfill Definitions Eland E| 

Proof. By construction we see that \N\ < q n ~ k ; moreover, each time a new 
word is included in N, mn products are included in List. Consequently, the 
procedure ends because |Lisi| < nmq n ~ k . 

We will show that A" has the properties of Definition 03 

1. lGiVC [X] is a direct consequence of the Steps 1 and 11. 

2. Consider the following recursive funtion: 

cf: [X] — > N 

1^1 (2) 
w ' * 4>(cf(u),x k ) 

where w = ux k , and u G [xi, . . . ,Xk]- It is easy to see that cf(w) is an 
element of A~ with the same syndrome as w because if UJ - — X 'i-^X 2 2 ■ ■ ■ X i 
where x i} < e x lj+1 : 

£(cf(w)) =€(<j>(cf(Xi 1 Xi a ...Xi k _ 1 ),X ik )) ^ 
= £, (cf (Xi 1 Xi 2 . . . X{ k _ 1 )Xi k ) . 

The second equality in holds by the definition of <j>. Thus, by recursion 
we get: 

£(cf(w)) =€(cf(i)x il x i3 ...x lk ) =£(x il x i2 ...x ik ). 

On the other hand, cf(w) is reachable by the above procedure, for every 
w G [X] (see Steps 10,11, 11.1); hence, \N\ = g n ~ fc . 
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3. Step 4 in the algorithm computes the coset associated to w, Step 5 checks 
whether that coset has already been considered, it guarantees the condi- 
tion (3) of Definition [3] 

4. The last property of N it is a consequence of Steps 11 and 11.1. 

Now let us see that the function matphi computed by the algorithm fullfils 
the property in Definition 0] Let u 6 N and x 6 X. There are two choices in 
Algorithm H for the pair (u,x): 

• If £,(ux) has already been considered (Step 6), then <p{u,x) is defined in 
Step 8 and the following equations hold £(</>(u, x)) = £(wj) = !;(ux). 

• Otherwise 4>{u, x) = ux, and this is ensured by Step 11.3. 

□ 

Remark 3. 1. The set N computed by Algorithm ^ has the property that 
the representative elements in iV of the syndromes corresponding to vec- 
tors in B(C,t), are the smallest words in [X] with respect to < e , that is, 
the standard words whose image by tp are the error vectors (see Lemma 1 
in 00). 

2. The output of the algorithm above is independent of the parity check 
matrix H we have chosen since it is only used to know the syndrome 
v' of w computed in Step 4 of the algorithm, and the coset structure is 
independent of H . 

From now on we will be intrested in such sets of canonical forms with this 
additional property. 

Remark 4 (Property 5 of a set of canonical forms). For all w G N 

such that ip(w) € B(C,t), then weight (ip(w)) < t. That is, w is the standard 
representation of the error vector ij}(w). 

As a byproduct of the previous algorithm and Algorithm [21 in Section [3] the 
error-correcting capability t of the code can be computed (see Theorem 5 in jS] 
for details). 

2 The structure matphi and equivalence of codes 

Definition 5 (Permutation Equivalent Codes). Let C be a code of length 
n over ¥ q . Let <r £ S„, wc define: 

<r(C) = {{y^^YU I (y,)- l =i e C}. 
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We say that C and cr(C) are permutation-equivalent or er-equivalent and we 
denote it by C ~ er(C). 

Throughout the paper the words "equivalent codes" means "permutation 
equivalent codes" unless otherwise specified. 

Definition 6. S n acts on [X] as follows. Let a G S n , 

/3 - 



-1I1K II II' 



(Oi 
0)3 ■ 



From the definition above we have: 

^W) = ^H)- (4) 

The following scheme shows the relationship between the objects in F™ and [X], 
and the images by ip and a expressed by the former equality. 

C [X] 
c = ip(w) < — w 

I I 
<j(c) = tp(a(w)) < — a(w) 

It follows straightforward that: 

Lemma 1. The action of Definition preserves the addition on F™, conse- 
quently the multiplication on [X], i.e. let a G S n then: 

1. For all u, v G F™ a(v + w) = a(v) + a(w). 

2. For all u, v G [X] <j(vw) = a(v)a(w). 
Moreover: 

Lemma 2. 

1. If N is a set of representantives of the cosets of C then N* = a(N) is a 
set of representatives of the cosets of C* = <j{C). 

2. IfveN and weight(u) < t then a(v) G N* = a(N) and weight (<r(v)) < i 
(Note that weight(u) = weight(o"(u))). 

3. Let .Ti G X, then a(xi) G X. 

Definition 7. Let 4> : N x X — > N and : N* x X — > TV* be two matphi 
functions. Then ~ 0* if and only if the following two conditions hold: 



1. There exists a a E S n such that N* = a(N), and 

2. For all v £ N and i £ [l,mn] we have <j)*(a(v), cr{xi)) = (x{4>{v,Xi)). 

Note that condition 2 states that the image by the permutation should pre- 
serve the multiplicative structures of matphi. If two codes satisfy 2 for a per- 
mutation a, then the matphi's will be equivalent, and it would be enough to 
change to <j{N) the set of canonical forms of C* (sec Remark 

Theorem 2. Let be a matphi function for the code C, and 0* a matphi for 
a code C*. Then C - C* ^> ~ 0*. 

Proof. Suppose C ~ C* and o~ £ S n such that C* = cr(C). Let now if be equal to 
4>{v, Xi), hence, ip(vxi) — c + ip(w), where c £ C (see Definition 0}; consequently, 
a(4>{vxi)) = a(c) + a(ip(w)) (Lemmanj, thus ip(a(v)a(xi)) = a(c) + ip(a(w)) 
(Equation |3| and Lemma QJ. 

But a(w) E A^* and a(c) 6 C* (Lemma|5J); therefore, <p*(a(v), a(xt)) = cr(w), 
since (j)(w,x) is the only element in N such that £(0(tu, x)) = £(wx) (see Re- 
mark 0- Thus 0-0*. 

Conversely, let ~ 0*, a € S n such that (j)*(a(v), o~(xi)) — a{<p{v, x%)) and 
ceC such that : c = ip(w), w — x^ . . .Xi t . 
Therefore: 

(j(c) = ip(a(x i:L ) . . .a(x n )). 
Set wo := 1, Wq := 1, Due to — 0*: 

If <f>(wk-i,x ih ) = w k then 0*(cr(w fe _i), a(x lk )) = cr(«; fe ), fc = l,...,/. 

Since c G C it follows wi = 1 (note that c 6 C if and only if wi = 1, see [3]); by 
the equality above: 

£(cr(c)) = f(iuf), and tuf = ct(w ; ) = cr(l) = 1, 
i.e., c* = cr(c) G C*. □ 
Example 1. Consider the code C in F| generated by the matrix: 



G 



( 1 1 1 1 \ 

10 10 1 
\ 1 1 1 ) 



The number of variables is 6, -< is set to be the lexicographical ordering induced 
by x\ < X2 -< ■ ■ ■ -< xq. We can compute N = {l,xi, . . . ,xq,X2X^,} and is 
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showed below. The representation of 4> corresponds to the following: In each 
triple the first entry correspond to the elements tp{w) where w £ N (w = N[i]), 
the second one is 1 if i/j(w) € B(C,t) or otherwise, and the third component 
points to the values <j>{w,Xj) for j = 1, . . . ,nm {<j>(w,Xj) = N{4>{i}{3]{j]]). 



= [ [[0, 0, 0, 0, 0, 0], 1, [2, 3, 4, 5, 6, 7]],[[1, 0, 0, 0, 0, 0], 1, [1, 6, 5, 4, 3, 8]] 
[[0, 1, 0, 0, 0, 0], 1, [6, 1, 8, 7, 2, 5]],[[0, 0, 1, 0, 0, 0], 1, [5, 8, 1, 2, 7, 6]] 
[[0, 0, 0, 1, 0, 0], 1, [4, 7, 2, 1, 8, 3]],[[0, 0, 0, 0, 1, 0], 1, [3, 2, 7, 8, 1, 4]] 
[[0, 0, 0, 0, 0, 1], 1, [8, 5, 6, 3, 4, 1]],[[0, 1, 1, 0, 0, 0], 0, [7, 4, 3, 6, 5, 2]] ] 



Consider now the permutation a = (5, 6) £ 56 and the code C* = cr(C). Now 
for C* we got N* = {1, x\, . . . , xq, x\X§} and 



0* = [ [[0, 0, 0, 0, 0, 0], 1, [2, 3, 4, 5, 6, 7]],[[1, 0, 0, 0, 0, 0], 1, [1, 7, 5, 4, 8, 3]] 
[[0, 1, 0, 0, 0, 0], 1, [7, 1, 8, 6, 5, 2]],[[0, 0, 1, 0, 0, 0], 1, [5, 8, 1, 2, 7, 6]] 
[[0, 0, 0, 1, 0, 0], 1, [4, 6, 2, 1, 3, 8]],[[0, 0, 0, 0, 1, 0], 1, [8, 5, 7, 3, 1, 4]] 
[[0, 0, 0, 0, 0, 1], 1, [3, 2, 6, 8, 4, !]],[[!, 0, 0, 0, 1, 0], 0, [6, 4, 3, 7, 2, 5]] ] 



First note that a(N) = {1, x%, X2, X3, x±, X5, xq, X2X3} 7^ N* ', but the diffe- 
rence is at the last element. In both cases, the second entry of the corresponding 
"matphi" function is zero. It can be checked that <j) k (x2 1 X3) = X1X5, which 
means that the syndrome (corresponding to C*) of X1X5 and X2X3 is the same. 
Then it is possible to do N* := a(N) (see Remark |2J. Now we could apply 
Definition [7| For example, let us see that the second element of 4>* corresponds 
to the second element of </>, that is [[1, 0, 0, 0, 0, 0], 1, [1, 7, 5, 4, 8, 3]] corresponds 
to [[1,0,0,0,0,0],1, [1,6,5,4,3,8]]. Note that in </>* [2] [3] [2] there is a 7 instead 
of 6, by Definition [3 we have 



ffi[3][2] =r(xi,x 2 )=^*(a(x 1 ), a(x 2 )) = N*{7] = x 6 = a(x 5 ) = a(N[6\) = 



Note also that the last two positions on <^>[2][3] and 0*[2][3] are exchanged: 



• 0*[2][3][5] = <f>*{x 1 ,x 5 ) = ^(a(x 1 ),a(x 6 )) = N*[8]=x 2 x 3 = a(x2X 3 ) = 

a(N[8}) = <r(jV[0[2][3][6]]) = a(<f>{x u x a )), 

• 0*[2][3][6] = <b*( Xl ,x 6 ) = <f>*{a(xi),a{x 5 )) = N*[3] = x 2 = o{x 2 ) = 

a(N[3}) = <T(N[<i>[2][3][5}]) = a(<f>(xi,x B )). 



Example 2. Let C\ and C2 be the two codes over Fij, with parity check matrices: 



CT (iV[0[2][3][2]]) 



a(4>(x l7 x 2 ))- 



( 1 1 




1111 




110 



10 



\ 1 



10 10 
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They are isospectral (i.e., they have the same weight distribution 1, 0, 3, 0, 3, 0, 1) 
but they are not equivalent because the sum of the weight-2 codewords in C\ is 
(1,1,1,1,1,1) while inC 2 is (0,0,0,0,0,0). 

In the first case N\ = {1, X\, £3, £5, £i£3, £i£s, £3X5, £1X32:5} and 4>\ corres- 
ponds to: 

[[[0, 0, 0, 0, 0, 0], 1, [2, 2, 3, 3, 4, 4]],[[1, 0, 0, 0, 0, 0], 1, [1, 1, 5, 5, 6, 6]] 
[[0, 0, 1, 0, 0, 0], 1, [5, 5, 1, 1, 7, 7]],[[0, 0, 0, 0, 1, 0], 1, [6, 6, 7, 7, 1, 1]] 
[[1, 0, 1, 0, 0, 0], 0, [3, 3, 2, 2, 8, 8]],[[1, 0, 0, 0, 1, 0], 0, [4, 4, 8, 8, 2, 2]] 
[[0, 0, 1, 0, 1, 0], 0, [8, 8, 4, 4, 3, 3]],[[1, 0, 1, 0, 1, 0], 0, [7, 7, 6, 6, 5, 5]] ] 

In the second case N2 = {1, £1, £2, £4, xq, x\X2, x\Xa, x\Xq\ and 4>2 is: 

[ [[0, 0, 0, 0, 0, 0], 1, [2, 3, 2, 4, 2, 5]][[1, 0, 0, 0, 0, 0], 1, [1, 6, 1, 7, 1, 8]] 
[[0, 1, 0, 0, 0, 0], 1, [6, 1, 6, 8, 6, 7]][[0, 0, 0, 1, 0, 0], 1, [7, 8, 7, 1, 7, 6]] 
[[0, 0, 0, 0, 0, 1], 1, [8, 7, 8, 6, 8, 1]][[1, 1, 0, 0, 0, 0], 0, [3, 2, 3, 5, 3, 4]] 
[[1,0, 0, 1, 0, 0], 0, [4, 5, 4, 2, 4, 3]][[1, 0, 0, 0, 0, 1], 0, [5, 4, 5, 3, 5, 2]] ] 

It is easy to conclude in this case the two codes are not equivalent, note that 
the elements in 4>i [i] [3] , i = 1, . . . , 8, points to three different positions and each 
of them are repeated twice; as a consequence, this property should not change 
under the action of the permutation a; however, one can see that it does not 
hold for <{>2- 

In order to find a permutation between two equivalent codes there is much 
to be done, in the sequel we will approach to that problem by showing some 
partial results and strategies. Note that for finding the permutation the struc- 
ture of matphi have to be checked, then it would be very useful to be able to 
study just a portion of it, which already determines the whole structure. This 
would be something similar to the connection between a big Grobner basis (the 
border basis for example) and the reduced Grobner basis for a given order, the 
latter is smaller among structures with the desired properties. In the examples 
we will see also that in practice some level of matphi according to the weight 
(particularly important is the level t + 1), would be enough for solving the pro- 
blem or at least it will give some information about the structure of the codes 
that are studied. 
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3 Reduced basis 



Let C be a code associated to the free commutative monoid [X] by means of the 
morphisms ip and £. Let also be < e the error vector ordering defined on [X]; 
N a set of canonical forms, and <f> the corresponding matphi function defined 
over N x X. The notation T(f) will denote as usual the maximal term of a 
polynomial / with respect to the order < e , T{F} the set of maximal terms of 
the set of polynomials F, T(F) denote the semigroup ideal generated by T{F}, 
and (F) the polynomial ideal generated by the set F. 

Definition 8 (Reduced basis). The reduced basis in [X] for the code C and 
the order < e is the subset G of the set of binomials: 

B(C) = {wx —w' : w,w' G N, x G X, wx ^ w' and t;(wx) = £(«/)}, 
which satisfies the following two properties: 

i. For all (w, x) e N x X such that wx G T{B(C)}, there exists w\ G T{G] 
such that W\ \ wx. 

ii. Given Wi,W2 G ^{G} then / W2 and u>2 / wi. 
Remark 5. 

1. Note that in case i. in the definition above wx ^ <fr(w, x), i.e., wx N. 

2. The definition of reduced basis follows the same idea as a reduced Grobncr 
basis, except one has to be aware of the non admissibility of < e , so, the 
performance of the reduced basis is in general affected, i.c, reduced bases 
can not always be used for an effective reduction process. 

3. Algorithm ^ can compute G instead of matphi. It is enough to check 
before Step 4, whether w is not a multiple of an element of T{G} (for the 
constructed G). If w is a multiple, then the next element is taken from 
List; otherwise, Step 4 follows. Step 7 is replaced by G := G U {w — Wj}, 
while Steps 11.2 and 11.3 disappear. Because of cosets determined by C 
are finite, the algorithm will always give a reduced basis, if the changes 
described are made. The matter -considering the previous item- is whether 
this reduced basis is useful or not and how to use it. 

The following algorithm computes the reduced basis for a code C and the 
order < e . 

Algorithm 2. 

Input: p, n, m, H parameters for a given linear code. 
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Output: N,G. 



1. List := {1}, N := 0, r := 0, G = {}; 

2. While List ^ do 

3. w := NextTerm|Xist]; 
3.1 If w G T(G) go to Step 2; 

4. u' := i[)(w); 

5. j := Member [v', {vi, iv}]; 

6. If j ' ^ false 

7. then G := G U - Wj}; 

8. else r := r + 1; 

9. iv := u'; 

10. w; r :=w, TV := A^U {w r }; 

11. List := InsertNext[ui r , List]] 

12. Return [iV, G] 

3.1 Binary case 

Let 1(C) be the ideal associated with the relation Rq on [X], that is, 1(C) := 
({ui — v | (ip(u),ijj(w)) G -Re})- We will call this ideal the irfeaZ associated with 
the code. In the binary case, it is essential that xf — 1 G 7(C) , for all ij e I. 
For a code with at least 1 error-correcting capability, xf — 1 G G. In the case of 
a code with error-correcting capability, x\ — 1 G G or G T{G}; therefore, 
the other elements of T{G} will have the variables with exponent one, so they 
will be standard words (see Definition [2} . Note that, by using these relations 
in G, every word can be reduced to an standard word, which is the standard 
representation of the initial word. Note that for standard words, the order < e 
and the total degree term ordering are exactly the same. So, Algorithm [3 will 
compute the reduced basis w.r.t. < e , which is exactly the reduced Grobncr basis 
of 1(C) w.r.t. the total degree term ordering. As a consequence the following 
result holds. 
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Definition 9. The reduction in one step ( — >) using the reduced basis G is 
defined as follows. 
For any w <E [X]: 

i. Reduce w to its standard form w' (it is enough to use the relations xf — > 
1, for all Xi G X). 

ii. Reduce w' with respect to G by the usual one step reduction. 

Theorem 3. Let — > be the transitive clousure of — C be a binary code and 
G the reduced basis with respect to < e . Let w £ [X] an arbitrary word, then 

i. The reduction process — — > is noetherian. 

ii. If w — 1 -> wi and w — > 102, and t#i, u>2 are irreducible words module — 
then w\ = W2- 

iii. The irreducible elements belong to N . 

iv. If w — > w' , then £(w) = £,(w'). 

Remark 6. By convention we will refer to the reduction process as the 
reduction module G. The irreducible element corresponding to w will be called 
the canonical form of w and it will be denoted by Can(w, G). By the Proposition 
iii, £(w) = £{Can(w,G)). 

Proof of Theorem Let us assume that w — wq — ► w\ . . . — ► Wk ■ • ■ is a 
descending chain of reductions. Note that u>i — ► Wi+i means (see Defnnition[3J| 
that Wi is reduced to its standard form w[, and is reduced in one step to 
Wi+i by the usual one step reduction module G. It is easy to see that W{ > e 
(every word is greater than or equal to its standard form, it is enough to notice 
that w't is a subword of Wi, see Remark^. Let us prove that ifj+i < e 

w[ = u\Ui and let u\ — v\ G G, then, w[ is reduced to Wi+i = V1U2, but 
U\ < e V\. There are two cases: 

1. |Ind(ui)| > |Ind(«i)|, then, since w\ is an standard word, it is obvious that 
|Ind(tt^)| > |Ind(wi+i)| and then, < e w\- 

2. |Ind(ui)| = |Ind(ui)| and v\ -< Ui, where -< denotes an admissible ordering. 
If Ind(ui) n Ind(u 2 ) ^ then |Ind(w i+ i)| < |Ind(w-)| - 1 and therefore, 
Wi+i < e w[. So, let assume that Ind(«i) Hlnd(u2) = 0, as a consequence, 
|Ind(w;+i)| = |Ind(u>j)|. Taking into consideration the admissibility of -<, 
Wi+i = V1U2 ~< u\U2 = w\ which implies Wi+i < e w[. 
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Then, after k steps of reductions we got w' > e . . . > e w' kl taken into con- 
sideration that the w'^s are standard words, this chain will be also a descending 
chain for the total degree ordering; consequently, this chain have to stop (the 
total degree ordering is admissible, so there is no infinite descending chain of 
elements). Therefore, — > is noetherian and i follows. 

In order to prove Hi, by construction of Algorithm [5] one can see that w 
belongs to T(G) U N, then because the reduction is noetherian an irreducible 
element belongs to N (moreover T(G) H N = 

See that the one step reduction keeps the syndrome invariant. Let w = u>iu>2 
and let w± — V\ <G G, then, w is reduced to V1W2, but £(u>i) = £(vi), then, 
£(w) = £(wiW2) = ip(wiw 2 )H = (tp(wi) + ip{w2))H = ip(wi)H + ip(w2)H = 
ip(vi)H + ijj(w2)H = ip(viW2)H = £(viwi). Therefore, iv follows. 

As a consequence, every irreducible word obtained by the reductions has the 
same syndrome as w, i.e., = £(^2) = £{w). By the Property 3 of N, there 

exists only one canonical form with a given syndrome, so, Wi — W2, and H is 
proved. □ 

Remark 7 (Two keys of the success for F2). Let C be a code defined over 
a finite field F pm . 

1. If p 7^ 2, standard words could contain variables with exponents different 
from one. 

2. If m ^ 1, there could be more than one variable for each component of an 
n- vector in F™ m . 

As a consequence, if q = p m ^ 2 it is no longer true that over standard 
words the orders < e and the total degree ordering are the same. It will not be 
possible even to guarantee a descending chain of words in standard forms as a 
consequence of the reduction process. 

Example 3. By w — v we mean w reduces to v module the i-th polynomial 
of the reduced basis G. The definitions of the codes which are used in this 
example can be found in Section ITT1 and the corresponding set N and G in 17. 21 

1. CF2: Let us reduce w := xiX2X3X*?X8Xg module G: 

G G 

w = xiX2X 3 xrx s x g — ^ x 5 xrxlx w , x 5 x 7 xlx w — ^ X 5 X 7 X W , 

X 5 X 7 X W XiX 3 X W . 

2. CF3: Let w := x\x§x 7 , then, for this word a cycle in the reduction process 
module G 

G35 2 2 do 
W = X\X^X 7 ► X3Xj, X^Xj > XiX$X 7 . 
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In this case the non admissibility of < e under standard words causes the 
cycle (p ^ 2 is the cause of the non admissibility, observe that x\x§ < e 
X3X7 but X1X5XJ > e and £3X7 is a standard word because the expo- 

nent 2 is allowed). This will not happen reducing w by means of matphi 
because it contains the whole set B(C). 

(f>{l,X\) = xi, now take the next variable in w, 4>(xi,x^) = x\x^. Finally, 
we take X7, (f)(xiX5,xj) = x^x^, so w — — > X3X7. The reader can check the 
definition of the function cf in the proof of Theorem ^ (the function that 
associates to each w G [X] its canonical form, which consists in a sequence 
of applications of <fi that depends on the sequence of letters that form w). 

3. CF4: Let w = X2X4X7, for this word we will get a cycle in the reductions 
by G. 

Xix^x-i xeX7Xs xixgxio — ^> xqxjXs- 

The non admissibility of < e under standard words in this example is be- 
cause m 7^ 1 (m = 2, x\Xio < e x§x7 but xix$xio > e xqX7Xs because 
Ind(x7) = Ind^g) then |Ind(xia;8Xio)| = 3 > 2 = |Ind(a;6£7#8)|)- 
Let us see now the reduction process using matphi: 

(f)(l,X 2 ) = X 2 , 4'{x2,X i ) = X2X4, 4>{x 2 XA, X7) = X 6 X7X 8 - 

As a conclusion, matphi always leads to a finite sequence of reductions in a 
number of steps equal to the length of the word; however, a much bigger struc- 
ture than the reduced basis is needed. For binary codes, it is always possible to 
apply reduction using the reduced basis instead of matphi. 

4 Reduced basis and equivalence of binary codes 

From now on let C be a binary code of length n, a E S n , and C* = cr(C). 
Section Definition shows how to apply a permutation to a word, it is then 
not difficult to extend the action of a to a set of polynomials in a natural way. 
Assume the error vector order < e is defined using an admissible ordering -<. 

Theorem 4. Let G be a reduced basis, and let x\ -< . . . -< x n . Then G* = <j{G) 
is a reduced basis for C* and the order < e with the admissible order -< so that 
av ( i) < ... < X a (n)- 

Taking into consideration the computation of the reduced basis for C*, for 
the order < e and the admissible order -< taking x a n-\ -<...-< x a i n ) , one can infer 
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that the elements generated in List* are such that, at each step, List* = a {List). 
As a consequence, N* = a{N), and the reduced basis computed by the algorithm 
will be G* = a{G). 

Note that when a is not known, G* is also unknown, but one can compute 
the reduced basis for C* (G"), by considering the natural order for the variables 
Xi -<...-< x n . 

Theorem 5. Given a G S n , G a reduced basis for a code C, G' a reduced basis 
of a code C. Then the following three propositions are equivalent. 

i. C' = a{C). 

ii. G* := <j{G) is a reduced basis for the code C w.r.t. < e , for some ordering 
of the variables. 

iii. Every binomial of G* is reduced to zero module G' and, vice versa, every 
binomial of G' is reduced to zero module G* . 

This result is the analogous for reduced bases of Theorem yj for matphi, it is 
a consequence of Theorem [3] and Theorem and the fact that G* and G' are 
both reduced basis of C*, but w.r.t. different orderings among the variables. 

Proof, i =$■ ii: Is a consequence of Theorem 

ii => iii: It follows from the definition of reduced basis (Definition |SJ) and the 
fact that G' and G* are both reduced basis of the same code. 

iii => i: Let d G C and w G [X] the standard word such that ip{w) = c' . 
Assume w is reduced to w' module G', iii implies that w is reduced to w* 
module G* and i/j{w') — ip{w*) G C* . Let us prove that. 

k 

w w' => w = g'jti + w', where each g[ G G' . iii implies that g[ G I{G*) 

i=l 

for all i = 1, . . . , k, i.e. w — w' G G* . We have that w — w* G I{G*) (because w 
is reduced to w* module G*). Therefore, w' — w* G I{G*), consequently, 

i/j{w') - i/j{w*) € C*. (5) 

The equality above implies that the canonical forms of w module G' and G* 
have the same syndrome. The canonical form of w module G' is 1 (because 
tp{w) G C). then by the equality JSJ), it has to be also 1 w.r.t. cr{G) (1 is the 
only canonical form corresponding to the codewords). □ 

Remark 8 (Finding the permutation). 



17 



1. The comparison of the structures of G and G', and the application of Theo- 
rem|5| are the main tools for finding a suitable permutation or concluding 
that the codes are not equivalent. 

2. Let S* be the subgroup of S n that keeps invariant the code C*. Then, 
it is well known that {a o p \ p £ S*}, is the set of permutations that 
transform C in C*. Let us observe that there might exist p' € S*, so that 
cr'(G) = G', where a' = a o p' . Hence, we are interested in finding such a 
a' (if there is one). 

4.1 Finding the permutation using the reduced basis 

We will work with the binary code CF2 defined in Section |7~T1 of the Appendix, 
C := CF2. 

Example 4. The main idea of the method is based on the fact that if two 
codes are equivalent then, under the appropriate permutation, words of the same 
weight must be sent to each other. Note also, that it will be used only the level 
t+1 (level 2 for this example) of the reduced bases, which is the first interesting 
level, from level 1 to t all the elements arc canonical forms. The number of 
elements at this level can be large for big codes but it is considerable smaller 
than the whole basis. Note that the same reasoning of using the information by 
levels would be valid for the matphi's and, by this way, it is possible to use a 
part of a big structure and not the whole object. 

Let cr := (1, 10, 2, 7, 9, 6, 4, 3, 5) and C* = a(C). See the definition of C* in 
Section 17.11 in Example 1141 Let us suppose a is unknown, therefore, N* and 
G*, given in Section 17.31 are also unknown. However, one can compute the 
set of canonical forms N' and the reduced basis G' for the code C*, see the 
results on Section f7.3.1l It will be shown how there exists a permutation a' that 
transforms G into G' and, as a consequence, the code C* it is also obtained as 
a'(C). 

Let us get for G fExamplc llSfl . the list Heads(2) of length 10, such that 

Heads(2)[i\ := \{w e T{G} : i 6 Ind(io) & |Ind(w) = 2|}|, for i = 1, . . . , 10. 

Note that a reduced basis can be partitioned in levels according to the value 
of |Ind(T{G})|; for example, the level one of the reduced basis G, is the set of 
binomials {xf — 1 : i = 1, . . . , 10}. Let us compute also Heads'(2) for G' (see 
Section I73^|) . 

Heads{2) = [0, 2, 3, 4, 6, 6, 5, 4, 0, 0] Heads' {2) = [0, 0, 2, 3, 4, 0, 5, 6, 4, 6] 



18 



The same reasoning can be done with the irreducible elements in the levels 
of a reduced basis; for example, at the level 2 of G: 

Irreds{2)[i] := \{w - v G G : i G Ind(u) and |Ind(w)| = 2}|, for i = 1, . . . , 10. 

Therefore we compute the lists Irreds(2) for G and Irreds'(2) for G' 

Irreds{2) = [9,5,4,3,3,1,2,3,0,0], Irreds 1 {2) = [9,0,5,4,3,0,2,1,3,3]. 

Note that if there exists a permutation a' , it should transform Heads(2) in 
Heads'{2) and Irreds(2) in Irreds' (2). From this two conditions we get the 
following: 

By considering Heads(2) and Heads'(2), it is obtained that cr'(7) = 7, 
u'{2) = 3, and er'(3) = 4. Taking into account Irreds{2) and Irreds' '(2), 
we got, cr'(l) = 1 and er'(6) = 8. Then er'(6) is already determined, so, 
Heads(2)[5\ = Heads(2)[6] and er'(6) = 8 implies cr'(5) = 10. So, it re- 
mains to find <t'(4), cr'(8), cr'(9), a' (10). It is clear that cr'({4,8}) G {5,9}, and 
cr'({9,10}) G {2,6}. 

Looking at the level 4 of G, X1X2X3X8 G T{G} then, xix^x^u' (xg,) G T{G'}; 
therefore, cr'(x8) = £5, which implies cr'(8) = 5 and <r'(4) = 9. On the other 
hand, cr'({9, 10}) G {2,6} are enough conditions for the images of 9 and 10. As 
a consequence, a permutation a' can be given (actually two permutations can 
be given) such that C* = cr'(C), 

a' = [1, 3, 4, 9, 10, 8, 7, 5, 2, 6] (in list notation). 
The reader can check that a 1 transforms G into G', which is sufficient (not 
necessary) to decide that C and C* arc equivalent. 

Example 5. In the Example [3 we have already shown (by comparing the 
matphi's) that the code C\ and C2 are not equivalent. Let us see this result now 
by using the reduced basis. See in the Appendix, on Example 1161 and 1171 the 
reduced basis for both codes. Note the number of elements of the two sets are 
not the same, which shows that at least there is not a direct transformation 
from G\ to G2, but still the associated codes can be equivalent (see Theorcm|21 
and Remark |SJ). 

If C\ and C2 were equivalent codes, then it should exist a reduced basis 
G\ for C2 such that it can be obtained from G\ by the transformation using 
a permutation a G Sq. Then every binomial in G2 most be reduced to zero 
module G2. Looking the structure of Gi, there are three binomials of the form 
Xi — Xj, so, in the reduced basis G\ there will be also three binomials of that 
form. Then, these three binomials of G\ must be reduced to zero module G2, 
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as a consequence, three different variables have to be divisible for elements in 
T(G2), but there are only two variables belonging to T(G?2)- Therefore, at least 
one of the binomials in G\ can not be reduced to zero, and that implies C\ and 
C2 are not equivalent. 

Example 6. Let a = (1, 2, 6, 9, 10, 4, 5, 3, 7, 8) and C* = a(C). See the definition 
of C* in Examplell5lof Section lTTl Let suppose a is unknown, therefore, N* and 
G*, given in Section [7. 3. 21 are also unknown. However, one can compute the set 
of canonical forms N' and the reduced basis G' for the code C*, see the results 
on Section 17. 3. 31 It will be shown how in this case there is no permutation a' 
such that it transforms G into G"; however, Theorem [3] holds and consequently, 
the codes are equivalent. 

The reader can see that the number of elements in G is 46, and the number 
of elements in G' is 45. So there can not exist a permutation that transforms 
G into G'. One can also note that at the level 4, G has two elements, while G' 
has only one. 

In this case, one can check that Theorem [5] holds for G* and G", which 
would confirm that C* is obtained as c(C). In GBLA.LC 1 there is a function 
bases equivalents that determined whether two reduced basis are reduced basis 
for the same code. 

The most complicated case occurs when there is not a direct transformation 
from G to G'. In order to find a suitable permutation, it could be helpful to 
know some images, this is of course an heuristic approach. 

Fortunately, the use of the reduced basis for binary codes in the decoding 
problem, has a complete solution for an arbitrary binary code. 

5 Decoding binary codes using the reduced ba- 
sis 

In jSJ 03 the authors showed how to apply the structure matphi for decoding 
general linear codes. Although the fast decoding process using matphi can not 
be compared with other quite efficient algorithms for decoding some class of 
linear codes (Reed-Solomon Codes, BCH Codes, Algebraic Geometric Codes) 
because those algorithms require a very little preprocessing. In it is shown 

1 GBLA_LC "Grobncr Basis by Linear Algebra and Linear Codes" is a collection of pro- 
grams made in GAP, it consist in an extended and improved version of the work presented in 
HI . which was made under of guidance of Borgcs-Quintana. 
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how a variant of the syndrome decoding algorithm can be obtained, the Step- 
by-Step algorithm, this algorithm allows to use the same syndrome decoding 
idea but using an smaller structure than the syndrome table, in essence, it is 
shown that it is enough to know for each coset the smaller weight of the words 
in that coset instead of storing the candidate error vector. Following the same 
desire of reducing the needed structure for decoding any arbitrary linear code, 
we give an step further for an arbitrary binary code. In this case, it will be 
enough to have the reduced basis, which is often smaller than matphi and the 
syndrome table. 

Theorem 6. Let C be a binary code and G the reduced basis 
with respect to < e . Let w £ [X] an arbitrary word, if weight(V'(Can(M;, G))) < t 
then ip(Can(w,G)) is the error vector corresponding to ip(w). Otherwise, if 
weight (tp (Can (w, G))) > t, tp(w) contains more than t errors. 

Remark 9. 

1. Note that every vector in F£ can be translated to a word in standard 
representation, therefore, applying the previous theorem it is possible to 
decode an arbitrary vector in F^. It is also possible to determine when 
the vector contains more than t errors. 

2. The proof of this theorem is a direct consequence of Theorem and the 
property 5 of a set of canonical forms (see Remark^}. First, Ejji said that 
the element Can(w,G) exists and can be computed for any w £ [X]. Se- 
cond,|21ii guarantees that Can(w, G) belongs to N and|3Jiii states that the 
syndrome of w is the same of Can(w, G). If ip(w) £ B(C, t) (i.e. ip(w) con- 
tains at most t errors), by the property 5 of N, weight(ip(Can(w , G))) < t, 
that is, ip(Can(w,G)) is the error vector, and tp(w) — ?p(Can(w,G)) is 
the codeword corresponding to \jj{w). If ip(w) £ B(C,t) it is clear that 
tfj(Can(w,G)) £ B(C,t) (they both have the same syndrome), conse- 
quently, if weight(-0(Gan(u', G))) > t it means that more than t errors 
were done. 

Example 7. In the Example^ the reader can see the application of the reduced 
basis for the binary code CF2 (sec the definition of the code on Section l7TTl . The 
vector (1, 1, 1, 0, 0, 0, 1, 1, 1, 0) £ F3, (corresponding to the word xia^sZrZsXg) 
was reduced to (1,0,1,0,0,0,0,0,0,1) (corresponding to the word ccia^xio). 
But the weight of the resulting vector is 3, and the error correcting capability 
of CF2 is 1. So this is not a correctable error pattern. 
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Let us take now the vector v = (1,1,1,1,0,0,0,0,1,1), the corresponding 
word is w = XiX2X^XiXgXio. Let us reduce now w using the reduced basis of 
CF2 given in Example ITHl 

G26 2 2 2 <2l0 

w = x\X2X-sx^x§x\q — > xiXgXi Q — > x\x\ — > x\. 
weight(V>(xi)) = weight ((1, 0,0, 0,0, 0,0, 0,0,0)) = 1, then 

(1, 0, 0, 0, 0, 0, 0, 0, 0, 0) is the error vector corresponding to v, and the codeword 
is (0,1,1,1,0,0,0,0,1,1). 

Remark 10 (Relation with the Ikegami-Kaji algorithm). The Conti- 
Traverso's algorithm for integer programming (see [7J) has been successfully 
generalized in when the coefficients are over a finite field, where authors 
have also presented an application for solving the soft-decision and hard-decision 
Maximum Likelihood Decoding (MLD) of binary codes. The hard-decision MLD 
is equivalent to the syndrome decoding approach. Grobner bases, binomial 
ideals, and specific orders appeared connected in order to solve those problems. 
We will give some comments about similarities and differences between our 
approach and the one given in |10j . 

Let w = (1, . . . , 1) in Fj. Given a binary code C, a received vector r and a 
parity check matrix H, the error-vector e is the solution of the following problem 
of Integer Linear Programming over F2 . 



minimize w*y = wiyi + ...+ w n y„ = y x + . . . + y n . 
1"h w 2(0) : (6) 
subject to yH = b. (b = rH) 

The idea in |10j is to apply an extended Conti-Traverso's algorithm in order to 
compute a Grobner basis of the ideal associated to the optimization problem 
for an adapted monomial order < w related with the vector w (see [7] for the 
meaning of adapted monomial ordering). There are several remarks about this 
method and the relation with ours: 

1. Since the solution of the problem above is the error vector, the Grobner 
basis associated to the problem IPH,w,2(b) allows to find the error-vector 
as the reduction process, as well as the reduced basis does in our setting. 

2. Despite of the previous item, the order and < e are not the same even 
for the binary case. Note that such an ordering need to be adapted 
to the optimization problem (which basically means an ordering with the 
elimination property and compatibility with the linear function w * y). 
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In our case, < e over standard words is exactly the total degree ordering 
which does not have the elimination property. 

3. In ^U] the authors compute the Grobner basis by means of Buchberger's 
Algorithm, and the ordering <„, has the elimination property, which makes 
even higher the complexity of this algorithm. In our paper, the reduced 
basis for binary codes turns out to be the reduced Grobner basis for the 
total degree ordering. It is known that computations of Grobner bases for 
orderings compatible with the total degree have lower complexity. More- 
over, our algorithm (sec Algorithm |2J use linear algebra like some genera- 
lized FGLM techniques starting from generators (the generators are the 
coordinate vectors in the vector space F"), instead of using polynomials 
(binomials in this case) and the general Buchberger's Algorithm. 

4. Our error- vector order works for any linear code and the idea of reduction 
can be performed to compute the errors, just that a border basis would 
be needed instead of a reduced basis. Moreover, we show examples of 
why the reduced basis fails in the general case and why the border basis 
succeed. However, an adapted monomial order < w for a general linear 
code will be unable to solve the decoding problem, because for a general 
linear code it is not true that the error- vector has to be the solution of the 
problem similar to ©, but with the coefficients in ¥ q , where q ^ 2 (see 
the following example). 

Example 8. Let us take the code C over F4 given in Examplcll3l In Examplcl20l 

we give the reduced basis for this code. Note that the binomial x\x^xg — 
X3X4X10 belongs to the basis, which means that the corresponding vectors to 
both monomials has the same syndrome. The vectors are y\ = (1, 0, 0, 1, 1) and 
y% = (0,3,0,0,2), respectively. Note that, regarding < e , X3X4X10 < e Xix?xg, 
and y2 has less weight than y\. However, with respect to <„, and the integer 
linear programming associated, it arrives that w *y± < w * yi\ therefore, for the 
optimization problem y\ is a better choice than 7/2- 

6 GAP examples 

All the computation was done in Gap 4.3 with GBLA_LC. The order used in 
the examples shown below is ^:=<Dri (see the definition of <dh in Section EJ. 

Example 9. Code over F|, with parity check matrix (see in Example [3 the 
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definition of the code C\ ) : 

Definition of the code: 

n:=6; 
k:=3; 
m:=l; 
p:=2; 
F:=GF(2) ; 

alpha_prim: =RootOf Def iningPolynomial (GF(2) ) ; 
alpha_ext :=RootOfDef iningPolynomial(F) ; 
a:=alpha_ext; 

H: = [[0ne(a) ,0ne(a) , Zero (a) , Zero (a) , Zero (a) , Zero (a)] , 
[Zero(a) ,Zero(a) ,0ne(a) ,0ne(a) ,Zero(a) ,Zero(a)] , 
[Zero (a) , Zero (a) , Zero (a) , Zero (a) ,0ne(a) ,0ne(a)]] ; 

R: =PolynomialRing(Rationals ,n*m) ; 

x : =IndeterminatesOf PolynomialRing (R) ; 

Output of Algorithm n (see 4>\ in Pagc llOfl : 

gap>GBLA_LC(H,m,n,k,p) ; 
[ [l,x_l,x_3,x_5,x_l*x_3,x_l*x_5, 
x_3*x_5,x_l*x_3*x_5] , 
[[[0*Z(2) ,0*Z(2) ,0*Z(2) ,0*Z(2) ,0*Z(2) ,0*Z(2)] , 

[ 2, 2, 3, 3, 4, 4 ] ] , 
[[Z(2)~0,0*Z(2) ,0*Z(2) ,0*Z(2) ,0*Z(2) ,0*Z(2)] , 

[1,1,5,5,6,6]], 
[[0*Z(2) ,0*Z(2) ,Z(2)~0,0*Z(2) ,0*Z(2) ,0*Z(2)] , 

[ 5, 5, 1, 1, 7, 7 ] ] , 
[[0*Z(2) ,0*Z(2) ,0*Z(2) ,0*Z(2) ,Z(2) ~0,0*Z(2)] , 

[ 6, 6, 7, 7, 1, 1 ] ] , 
[[Z(2)~0,0*Z(2) ,Z(2)~0,0*Z(2) ,0*Z(2) ,0*Z(2)] , 

[ 3, 3, 2, 2, 8, 8 ] ] , 
[[Z(2)~0,0*Z(2) ,0*Z(2) ,0*Z(2) ,Z(2)~0,0*Z(2)] , 

[ 4, 4, 8, 8, 2, 2 ] ] , 
[[0*Z(2) ,0*Z(2) ,Z(2)~0,0*Z(2) ,Z(2) ~0,0*Z(2)] , 

[ 8, 8, 4, 4, 3, 3 ] ] , 



/ 1 1 
110 
\ 1 1 
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[[Z(2)-0,0*Z(2) ,Z(2)-0,0*Z(2) ,Z(2)~0,0*Z(2)] , 
[ 7, 7, 6, 6, 5, 5 ] ] ] , ] 

The output is given as list of three components. The first one, is the set 
of vectors ip(N) corresponding to the images by ijj of the canonical forms. The 
second one, is the function matphi, each component of matphi have the struc- 
ture [ip(w), [<f)(w,xi), . . . ,(j)(w,x n )]], i.e., the 0-1 second component is omitted. 
Note that this information can be easily obtained from the weight of ipi w )-> 
if weight(V>(w)) < t the corresponding second component would be 1, and 
otherwise. The third one, corresponds to the error-correcting capability of the 
code. 

Example 10. See Example [21 the definition of the code Ci- 

n:=6; 
k:=3; 
m:=l; 
p:=2; 
F:=GF(2) ; 

alpha_prim: =Root0f Def iningPolynomial (GF(2) ) ; 
alpha_ext : =Root0f Def iningPolynomial (F) ; 
a:=alpha_ext; 

H:=[[0ne(a) ,0ne(a) ,0ne(a) ,0ne(a) ,Dne(a) ,0ne(a)] , 

[Zero(a) ,Zero(a) ,Zero(a) ,0ne(a) ,Zero(a) ,0ne(a)] , 
[Zero(a) ,Dne(a) ,Zero(a) ,0ne(a) ,Zero(a) ,Zero(a)]] ; 

Computing the reduced basis for Ci\ 

gap> Greducel(H,m,n,k,p) ; 

[ [ 1, x_l, x_2, x_4, x_6, x_l*x_2, x_l*x_4, x_l*x_6 ], 

[ [ 1, [ x_3, x_l ], [ x_5, x_l ], [ x_l~2, 1 ], [ x_2~2, 1 ], 
[ x_4~2, 1 ] , [ x_6-2, 1 ] ] , 
[ 2, [ x_2*x_4, x_l*x_6 ], [ x_2*x_6, x_l*x_4 ], 
[ x_4*x_6, x_l*x_2 ] ] ], ] 

The output is given as list of three components. The first one, is the set 
N of canonical forms. The second one, is the reduced basis, given as a list of 
pairs (w,v) such that w G T{G} and v G N, the pairs are organized in sublist 
according to the |Ind(w)|. The third one, corresponds to the error-correcting 
capability of the code. 

In GBLA_LC there are built in functions which allow to convert the reduced 
basis from a set of pairs to a set of binomials. 
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7 Appendix 

The degree reverse lexicographic term ordering (<£> r ;), in the class of total 
degree compatible orderings, it is used in the computation of many of the ex- 
amples in this paper. Assume the monoid [X] is the free commutative monoid 
of n variables, and let a 6 S n . 

Let <dh be a total degree ordering defined as follows. Assume the order of 
the variables is determined by the permutation a {x a {i) <dh ■ ■ ■ <Drl aV(n))- 
Let be w\ , W2 £ [X] , such that 

wi = x^...x ik (xi, <dh w 2 = x n ...x jm (xj, <dh Xj i+1 ) then 

Wi <Dri W2 if one of the following condition is satisfied: 

i. k < m. 

ii. k = m and Xi 3 <dh x j 3 > where s = min {I = 1, . . . , p : ji}. 



7.1 Definition of Codes 



An (n, k, t)-code will be a code of length n, dimension k, and t error correcting 
capability. 

Example 11 (CF2). A (10, 4, l)-code over F 2 . Number of codewords: 16, 
number of canonical forms: 64; 



H 



Example 12 (CF3). A (7, 3, l)-code over F3. Number of codewords: 27, num- 
ber of canonical forms: 81; 
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Example 13 (CF4). A (5, 2, l)-code over F4. Let a be a primitive element in 
F4. Number of codewords: 16, number of canonical forms: 64; 



H 



1 1 
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Example 14 (<x(CF2)-l). (a := (1,10,2,7,9,6,4,3,5) G S 1Q ), a is given in 
cycle notation. 

A (10, 4, l)-code over F2. Number of codewords: 16, number of canonical forms: 
64; 

1 1 1 1 
0100010000 
_ 0101001000 
0110000100 
1 1 1 1 1 
1000000001 

Example 15 (<r(CF2)-2). (a = (1, 2, 6, 9, 10, 4, 5, 3, 7, 8) G S w ). 

A (10, 4, l)-code over F2. Number of codewords: 16, number of canonical forms: 

64; 



H := 
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7.2 Set of canonical forms and reduced basis 

For all the examples in this section it is considered -<:=<dh- 
Example 16 (Code C\ of the Example |2j). 

Ni = {1, Xi, X 3 , X 5 , X\X 3 , XiX 5 , X 3 X 5 , XiX 3 X 5 }, 

G\ = {x 2 — xi, Xi — £3, xq — x$, x\ — 1, x 3 — 1, x 5 — 1}. 
Example 17 (Code C2 of the Example |2J). 

A^ 2 = {1, xi, x 2 , X4, xq, xix 2 , X1X4, xix 6 }, 
G 2 = { x 3 — xi, X5 - xi, x\ - 1, x\ - 1, x\ — 1,Xq- 1, 

X2X4 — X\Xq, X2X6 — X1X4, X4X6 — X1CC2}. 

Example 18 (CF2). 



27 



N = { 1, Xi, x 2 , x 3 , X 4 , X 5 , X 6 , XT, X%, Xg, Xio, 

XiX 2 , X1X3, X1X4, X1X5, XiXg, X\X 7 , XiX S , X1X9, XiX W , X 2 X 3 , X2X4, 
X 2 X 7 , X 2 X 8 , X 2 Xg, X 2 Xio,X 3 X 4 , X 3 X 8 , £3X9, X3X10, X4X9, X4X10, X5X9, 
X5X10, XgXg, XgXio, X7X9, X7X10, X$Xg, X%Xiq, X9X10, 

XiX 2 X 3 , XiX 2 X 4 , XiX 2 X 7 , XiX 2 X S , XiX 2 X 9 , XiX 2 X W , X1X3X4, XiX 3 X S , 
XiX 3 Xg, XiX 3 X W , XiX4,Xg, X1X4X10, XiX 5 Xg, XiX 5 X W , XiX e Xg, XiXgXio, 
XiX 7 Xg, XiX 7 X W , XiX$Xg, XiX 8 Xi , X1X9X10, X 2 X 3 X 8 , X5X9X10}, 

G — { x-^ ~^ 2 ^"i x 4 1, x§ 1, Xg 1, x 7 lj x 8 lj 

Xg — 1, Xjq — 1, 

X 2 X 5 - XiX 6 , X 2 X 6 - X1X5, X 3 X 5 - X1X7, X 3 X 6 - X 2 X 7 , X3X7 - XiX 5 , 

X 4 X 5 - XiXg, X 4 X 6 - X 2 X 8 , X4X7 - X 3 X 8 , X 4 Xg - X1X5, X 5 X 6 - XiX 2 , 

X5X7 - X1X3, X 5 X 8 - X1X4, X 6 X 7 — X 2 X 3 , X 6 X 8 — X 2 X 4 , X 7 X 8 — X3X4, 

X2X3X4 - X9X10, X2X3X9 - X4X10, X2X3X10 - X4X9, X2X4X9 - X3X10, 
X2X4X10 — X3X9, X2X7X9 — X8X10, X2X7X10 — X8X9, X2X8X9 — X7X10, 
X2X8X10 — X7X9, X2X9X10 — X3X4, X3X4X9 — X2X10, X3X4X10 — X2X9, 
X3X8X9 — X6X10, X3X8X10 - X6X9, X3X9X10 - X2X4, X4X9X10 - X2X3, 

X 6 X 9 Xi - X 3 X 8 , X7X9X10 - X 2 X 8 , X 8 XgXio - X2X7, 
X1X2X3X8 - X 5 X 9 Xi , X1X5X9X10 - x 2 x 3 x 8 }. 

Example 19 (CF3). 

N = { 1, X\, X 2 , X 3 , X4, X5, X6, Xj, Xi, x\, X§, x\, X5, x§, x 7 , 

XiX 2 , X1X3, X1X5, XiX 6 , X1X7, X 2 X 3 , X 2 X 4 , X 2 X 6 , X 2 X 7 , X3X4, X3X5, 

x 3 x 6 , X4X5, x 4 x 6 , X4X7, x 5 x 6 , X5X7, x 6 x 7 , x\x 3 , xfx 5 , x\x 7 , x|x 3 , 

2222 22222 22 

X1X5, XlXg, X1X7, X2X7, X2X3, X1X3, X2X7, X3X4, X3X7, X 3 X^, X4X5, 

2 22 2 22 222222222 

X 3 Xg, X4Xg, X4X75 X4Xg ; X 4 X 7 , XqX 7 , X 3 X 7 , X^X3, X-^Xg, X-yX 7 , X 2 X 3 , 

9 9 2 9 9 9 9 9 
■h 2 -h 7 , X 3 U-g, X 4 Xg, XgX7, 

X1X2X3, X1X2X7, XiX 3 Xg, XiX 6 X7, X2X3X4, X 2 X 3 X 6 , X2X4X7, X 2 X 6 X7, 

x 3 x 4 x 5 , x 3 x 5 x 6 , X4X5X7, x 5 x 6 x 7 , X1X3X5, xfx 5 x 7 , X\X 3 X%, X\X%X 7 , 
x 3 x|x 5 , x|x 5 x 7 }, 
G = { x± — 1, x\ — 1, x 3 — 1, x| — 1, Xg — 1, Xq — 1, x 7 — 1, 

X1X4 - X 2 , X 2 X 5 - Xg, X 3 X 7 - X1X5, x\x 2 - X 4 , XiX 6 - X4X5, 

222 22 2 222 2 

X\X 2 X4 , X2X4 X 2 Xq X5 , X 2 X 4 X^, X 2 Xq Xg , X3X5 x~^x 7 , 

X§Xg — £4X7, X3X5 — X1X7, X4X6 — X1X5, X5X6 — X2, X5X7 — XiX§, 

2 2 22 2 22 2222 

X5 Xg X 2 ; X5 Xy X X3 ; Xg Xy *^'3'^'4; X X^ X4 Xg ^ X^ X4 Xg X7 1 

22 222 222 2 

2 x y x 4 x g 1 4 5 x 1 Xg , X4X7 3 ^(5 1 

XiX 2 X 6 - xjjX 5 , XiX 3 X 5 - X3X7, XiX 5 X 6 - x|x§, X1X5X7 - X 3 X7, 

X2X4X6 — X^X5, X 3 X4X6 — XqX 7 , X4X5X6 — X^X§, X4X6X7 — X 3 Xq, 

X\X 2 X 7 — X3X5X6, X\X 2 x\ — X5X6X7, X2X|X4 — X\x\x 7 , 

X2X4X7 — XiX 3 x|}. 
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Example 20 (CF4). 

N = { 1, ari, x 2 , aj 3 , x 4 , x 5 , x 6 , ar 7 , x 8 , x 9 , xi , 

X\X 2 , X3X4, X 5 X 6 , X 7 X$, X 9 X W , 

X1X3, X1X4, X\X 5 , XiX 6 , X1X7, XiX S , XiXg, XlX W , X 2 X 3 , X 2 X 4 , x 2 x 5 , 
X 2 X 6 , X2X7, X 2 X 8 , X 2 Xg, X 2 X 10 , X 3 X 6 , X4X 7 , X4X10, X 5 X 8 , X7X9, X 8 X 10 , 

xix 2 x 3 , x 1 x 2 x 4 , xix 2 x 5 , x 1 x 2 x 6 , X1X2X7, xix 2 x 8 , xix 2 xg, xix 2 x\ a , 

X1X3X4, X1X7X8, X1X9X10, X2X3X4, X2X5X6, X3X4X5, X2X7X8, X2X9X10, 

X 3 X 4 X 8 , X3X4X10, XiX 5 X 6 , x 5 x 6 x 7 , x 3 x 7 x 8 , x 6 x 7 x 8 , 
X!X 2 X 3 X4, XiX 2 X 5 X 6 , XiX 2 XqXi , 
XlX 2 X 3 X 6 }, 

G = { X^ 1, X2 1- 1, X4 1, X^ 1, Xg 1, X7 1, Xg 1, Xg 1, 

x iq — 1, 

X 3 X 5 - XiX 7 , X 3 X 7 - XiX 5 , X 3 X 8 - X 2 X 9 , X3X9 - X 2 X 8 , X3X10 - X 5 X 6 , 
X4X5 - X 9 X W , X4X 6 - X 2 X S , X 4 X 8 - X 2 X 6 , X4X9 - X 3 X 6 , X 5 X 7 - X1X3, 
X5X9 - X4X10, X 5 X W - X 3 X 6 , X 6 X 7 - XiXiQ, X 6 X 8 ~ X 2 X 4 , X 6 X 9 - X3X4, 

x 6 x 10 - xxx 7 , x 7 x 10 - xix 6 , x 8 x 9 - x 2 x 3 , x 1 x 2 x 7 x 8 - x 4 x 10 , 

X1X3X6 — X5X6X7, 11X4X7 — X3X4X5, X 1 X 4 X 10 — X2X7X8, 
X1X5X8 — X3X7X8, XiX 7 Xg — X3X4X10, XiXgXio — X6X7X8, 

x 2 X3Xe — X3X4X8, X2X4X7 — X6X7X8, X2X4X10 — X1X7X8, 

X2X5X8 - X3X4X10, X 2 X 7 Xg - X3X7X8, X 2 XsXio - X3X4X5}. 

7.3 Computing N* = a(N), G* = a{G), N' and G' for the 

code C* = a(CF2) 

For all the examples in this section it is considered -<:=<dh- 

Let a :— (1, 10, 2, 7, 9, 6, 4, 3, 5) a permutation in cycle notation belonging to 
Sio- GBLA_LC contains functions which allows to compute, given a permu- 
tation (j, and a definition for a code C (a generator matrix or a check matrix), 
a definition of the code <r(C) (see Section mi of the Appendix for the definition 
of cr(CF2)). After having the definition of the code, then one can compute the 
set N' and G' for a(C). 

N* = { 1, X10, x 7 , x 5 , x 3 , xi, x 4 , x 9 , x 8 , x 6 , x 2 , 

X 7 X W , a^lO, X3X10, X1X10, X4X10, X9X10, X 8 Xio, X 6 Xi , X 2 Xio, X5X7, 

X3X7, X7X9, X7X8, X6X7, X2X7, X3X5, X5X8, X5X6, X2X5, X3X6, X2X3, 

X1X6, X1X2, X4X6, X 2 X4, X6Xg, X2X9, X6X8, X2X8, X2X6, 
X 5 X 7 Xi , X3X7X10, X7X9X10, X 7 X 8 Xi , X 6 X 7 Xi , X 2 X 7 X W , X3X5X10, 
X 5 X 8 Xl , X 5 X 6 Xl , X 2 X 5 Xl , X 3 X 6 Xl , X 2 X 3 Xl , XlX 6 Xl , XlX 2 Xl , 
X4X6X10, X2X4X10, X6X9X10, X2XgXio, XgXsXio, X 2 XsXio, X2X6X10, 
X 5 X 7 X 8 , XiX 2 X 6 } 
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G* — { x\ 1, x\ 1, S3 1, x\ 1, X 5 1, Xg 1,^7 1) #8 1, 

Xg — 1, X^q — 1, 

xix 7 - X4X10, x 4 x 7 - £i£io, 2:1X5 - xgXio, x 4 x 5 - x 7 xg, x 5 x 9 - Xix w , 
X 4 X 3 - x 8 x 10 , x 3 x 4 - x 7 x 8 , x 3 x 9 - x 5 x 8 , x 3 x 8 - XiX 10 , x 1 x 4 - x 7 x 10 , 

X 4 X 9 - X 5 X 10 , XiX 8 - X3X10, X 4 Xg - X5X7, X 4 X 8 - X3X7, X 8 Xg - X3X5, 

x 3 x 5 x 7 - x 2 x 6 , x 5 x e x 7 - x 2 x 3 , x 2 x 5 x 7 - x 3 x 6 , x 3 x 6 x 7 - x 2 x 5 , 

x 2 x 3 x 7 - X 5 X 6 , X 6 X 7 X 9 - X 2 X 8 , X 2 X 7 X 9 - X 6 X 8 , x 6 x 7 x 8 - x 2 x 9 , 
x 2 x 7 x 8 - x 6 xg, x 2 x e x 7 - x 3 x 5 , x 3 x 5 x 6 - x 2 x 7 , x 2 x 3 x 5 - X 6 X 7 , 
X5X6XS, - x 2 x 4 , x 2 X5X 8 - x 4 x 6 , x 2 x 5 xe - X3X7, x 2 x 3 x& - X5X7, 
X2X4X6 — X5X8, x 2 xqx 9 - x 7 x 8 , x 2 xex 8 — x 7 x 9 , 

X 5 X 7 X 8 X 10 - XiX 2 X 6 , XiX 2 X 6 X W - X 5 X 7 X 8 }. 

7.3.1 N' and G for o(CF2) 

N' = { 1, Xx, X 2 , X 3 , X4, x 5 , x 6 , x 7 , X 8 , Xg, Xio, 

X\X 2 , X\X 3 , X1X4, X1X5, XiXq, X1X7, XlX%, XxXq, X1X10, X 2 X 3 , X 2 X 4 , 

x 2 x 5 , x 2 x 6 , x 2 x 7 , x 2 x 8 , x 2 xg, x 2 x 10 , x 3 x 4 ,x 3 x 5 , x 3 x 6 , x 3 x 7 , x 3 x 9 , 
x 4 x 5 , x 4 x 6 , x 4 xg, x 5 x 6 , x 6 x 7 , x 6 x 8 , x 6 xg, x 6 xi , 

X\X 2 X 3l X\X 2 X 4l XiX 2 X 5 , XiX 2 X 6 , X\X 2 X 7l XiX 2 X 8 , X\X 2 X 9l X\X 2 Xi 9 , 
X1X3X4, X1X3X5, X\X 3 Xq, X1X3X7, X1X3X9, 2:12:4X5, X\X 4 Xq, X1X4X9, 
XiX 5 X 6 , XiX 6 X 7 , XiX 6 X 8 , XiX 6 Xg, XiX 6 Xi , X 2 X 6 Xi , X3X4X5}, 
G = { X-y 1, X 2 1, Xg 1, X 4 1, Xg — 1, Xg — 1, Xj — 1, Xg — 1, 
Xg — 1, X 1Q — 1, 

x 3 x 8 - xixio, X3X10 - xix 8 , X4X7 - X1X10, x 4 x 8 - X3X7, X4X10 - X1X7, 

X5X7 - X4X9, X 5 X 8 - X3X9, X5X9 - X1X10, X5X10 - X1X9, X 7 X 8 - X3X4, 
X7X9 - X4X5, X7X10 - X1X4, X 8 X 9 - X3X5, X 8 Xi - X1X3, X9X10 - X1X5, 



X2X3X4 


- X 6 Xg, 


X2X3X5 


- X 6 X 7 , 


x 2 x 3 x 6 


- X4Xg, 


X2X3X7 


- X 5 X 6 


X2X3X9 


- 2:4X6, 


X2X4X5 


- X 6 X 8 , 


x 2 x 4 x 6 


- 2: 3 Xg, 


X 2 X4Xg 


- 2:3X6 


X2X5X6 


- 2:3X7, 


X2X6X7 


- 2:3X5, 


X 2 X6X 8 


- 2:4X5, 


X2X6Xg 


- 2:3X4 


X3X4X6 


- 2 2 Xg, 


X 3 X 4 X 9 


- 2:2X6, 


X3X5X6 


- 2: 2 X7, 


X3X6X7 


- 2:2X5 


X 3 X 6 Xg 


- X 2 X4, 


X4X5X6 


- 2; 2 x 8 , 


X 4 XqX 9 


- 2:2X3, 







XiX 2 X 6 Xio - X3X4X5, X1X3X4X5 - X 2 X 6 Xi }. 
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7.3.2 N* and G* for a(CF2) (a = (1, 2, 6, 9, 10, 4, 5, 3, 7, 8) e 5m) 

N* = { 1, X 2 , X 6 , £7, £5, £3, Xg, X 8 , Xi, XiQ, Xi, 

x 2 x 6 , x 2 x 7 , x 2 x 5 , x 2 x 3 , x 2 x 9 , x 2 x 8 , xix 2 , x 2 xi , x 2 x 4 , X 6 X 7 , 
x 5 x 6 , x 6 x 8 , xix 6 , x 6 xi , X4X 6 , x 5 x 7 , X1X7, X7X10, X4X7, x 5 xi , 

X4X5, X3X10, X3X4, XgXio, X 4 Xg, X 8 Xi , X 4 X 8 , X1X10, X1X4, X4X10, 
X 2 X 6 X7, X 2 X 5 X 6 , X 2 X 6 X 8 , X\X 2 X & , X 2 X 6 Xi , 0:2X4X6, X2X5X7, 

X1X2X7, X2X7X10, X2X4X7, X2X5X10, X2X4X5, X2X3X10, X2X3X4, 

X2X9X10, X2X4X9, X 2 X 8 Xio, X 2 X4X 8 , X1X2X10, X1X2X4, X2X4X10, 
XiX 6 X 7 , X3X4X10}, 

G* = { Xi — 1, x\ — \, x§ — 1, x| — 1, X5 — 1, Xq — 1, Xj — 1, x§ — 1, 
x| — 1, xf — 1, 

X 3 X 6 - X 2 Xg, X 6 Xg - X2X3, X3X7 - X 2 X 8 , X7X9 - X 6 X 8 , X 7 X 8 - X 2 X 3 , 
X3X5 - X1X2, X 5 Xg - XiX 6 , X 5 X 8 - X1X7, X1X5 - X 2 X 3 , X 3 Xg - X 2 X 6 , 
X 3 X 8 - X 2 X 7 , X1X3 - X 2 X 5 , X 8 Xg - X 6 X 7 , XiXg - X 5 X 6 , XiX 8 - X5X7, 
X5X6X7 — X4X10, XgX7Xio — X4X5, X4XgX7 — X5X10, X5X6X10 — X4X7, 
X4X5X6 — X7X10, X6X 8 Xio — X1X4, X4X6X 8 — X1X10, X1X6X10 — X4X 8 , 
XiX 4 X 6 - X 8 Xi , X 4 X 6 Xio - X5X7, X5X7X10 - X4X 6 , X4X5X7 - X 6 Xio, 
X1X7X10 — X4X9, X1X4X7 — X9X10, X4X7X10 — X5X6, X4X5X10 — X6X7, 
X4XgXio — X1X7, X4X 8 Xio — X1X6, X1X4X10 — X6X 8 , 
X1X2X6X7 — X3X4X10, X2X3X4X10 — X1X6X7}. 

7.3.3 JV' and G' for a(CF2) (a = (1, 2, 6, 9, 10, 4, 5, 3, 7, 8) G S 10 ): 

N' = { 1, Xi, X 2 , X 3 , X 4 , X 5 , X 6 , X 7 , Xg, Xg, X 10 , 

X1X2, X1X3, X1X4, X1X5, X1X6, X1X7, XiX 8 , XiXg, X1X10, X 2 X4, X2X6, 
X 2 X 7 , X 2 X 8 , X 2 Xg, X2X10, X3X4, X3X10, X4X5, X4X 6 , X4X7, X4X 8 , X 4 Xg, 
X4X10, X5X10, X 6 X 7 , X 6 X 8 , X 6 Xi , X7X10, X 8 Xi , XgXio, 

X1X2X4, XiX 2 X 6 , X1X2X7, XiX 2 X 8 , XiX 2 Xg, X1X2X10, X1X3X4, X1X3X10, 
X1X4X5, X1X5X10, XiX 6 X 7 , X 2 X4X 6 , X2X4X7, X 2 X 4 X 8 , X 2 X 4 Xg, X2X4X10, 
X 2 X 6 X7, X 2 X 6 X 8 , X 2 X 6 Xio, X2X7X10, X 2 X 8 Xi , X 2 XgXi , X3X4X10}, 
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G — { X-^ 1, ^2 1, X^ 1, X4 1, X^ 1, Xg lj Xy 1, Xg 1, 

Xg — 1, Xjq — 1, 

X 2 X 3 - XiX 5 , X 2 X 5 - X1X3, X3X5 - X1X2, X 3 X 6 - X 2 Xg, X3X7 - X 2 X 8 , 
X 3 X 8 - X 2 X 7 , X3X9 - X 2 X 6 , X 5 X 6 - X1X9, X 5 X 7 - XiX 8 , X 5 X 8 - XiX 7 , 
X5X9 - XiX 6 , X 6 Xg - X1X5, X 7 X 8 - X1X5, X 7 Xg - X 6 X 8 , X 8 Xg - X 6 X 7 , 
X1X4X6 — X 8 Xio, XiX4X 7 — X9X10, XiX4X 8 — X6X10, X1X4X9 — X 7 Xio, 
X1X4X10 — X6X 8 , XiX6X 8 — X4X10, X1X6X10 — X4X 8 , XiX 7 Xio — X4X9, 
XiX 8 Xio — X4X6, X1X9X10 — X4X 7 , X4X5X10 — X6X 7 , X4X6X 7 — X5X10, 
X4X6X 8 — X1X10, X4X6X10 — XiX 8 , X4X 7 Xio — X1X9, X4X 8 Xio — X1X6, 
X4X9X10 — XiX 7 , X6X 7 Xio — X4X5, X6X 8 Xio — X1X4, 
XiX 2 X 6 X 7 — X 3 X4Xio}- 
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